Abstract. We explain a new method for finding the correlation functions for the XXX model which is based on the concepts of Operator Product Expansion of Quantum Field Theory on one hand and of fermionic bases for the XXX spin chain on the other. With this method we are able to perform computations for up to 11 lattice sites. We show that these "experimental" data allow to guess exact formulae for the OPE coefficients.
Introduction
This paper deals with the isotropic Heisenberg spin chain. However, even dealing with a lattice model, it is important to have in mind certain general ideas coming from Quantum Field Theory (QFT). One of them is the operator product expansion (OPE).
Suppose for a given QFT we know a complete set of local operators O i (x). Then for small x we have an expansion
We take the OPE quite symbolically leaving aside the necessity of time ordering, the convergence issues etc. An important feature of the OPE is that it is defined only by the short distance, ultra-violet (UV) nature of the theory. The infra-red (IR) environment becomes relevant when the correlation functions are computed. In the OPE approach, it enters through the one-point functions only:
A first serious problem concerning the application of OPE consists in finding a convenient way to enumerate the local operators. It is well known that in a two-dimensional conformal field theory (CFT) they correspond to representations of the Virasoro algebra. A less known example is provided by the sine(h)-Gordon model for which there exists a fermionic basis for the local operators where all the one-point functions are expressed as determinants [1, 2] . In the UV limit the relation of the fermionic basis to the Virasoro basis is known, and this allows in principle to apply Perturbed CFT methods to the computation of the two-point functions.
On the other hand, let us imagine a situation when for a large number of IR environments the one-point functions and two-point functions are known. Then the relations (1.1) provide equations for the coefficients of the OPE. One can dream that these equations could be sufficient to entirely fix all the coefficients of the OPE. For the moment this program does not look realistic for the QFT. However, we shall show that it is applicable to integrable lattice models.
Generally, the OPE does not depend on the IR environment. However, one can consider classes of IR environments possessing certain symmetries. For example, they can respect Date: today.
translational invariance. In this case the spatial derivatives of one-point functions vanish, and we can drop them in the right hand side of the OPE. We shall deal with much wider symmetries of this kind, and write the OPE modulo symmetries as
Certainly, the symmetries in question will have to be carefully implemented. They can be not only continuous, but also discrete ones, like C-symmetry for instance.
In this paper we shall consider the celebrated isotropic Heisenberg magnet (XXX spin chain) with the Hamiltonian
with usual notations for Pauli matrices σ a j at site j, and where summation over repeated indices is always implied. For some technical reasons which will be explained later we consider the two-point functions of sl 2 -invariant operators. The examples will be σ We consider the correlation functions with arbitrary Matsubara data which will be introduced in the next section. This is a quite general situation which includes important physical applications: zero-temperature anti-ferromagnet, (anti)-ferromagnet with nonzero temperature and magnetic field or even the case of generalised Gibbs ensemble. All these cases correspond to choosing certain special Matsubara data and taking limits for them.
The set of local operators in the lattice analogue of OPE is expressed via the fermionic basis. Crucial to our study are the cases with simple Matsubara data. For these the one-point functions are computed as determinants and there is an efficient procedure for computing the two-point functions using the quantum inverse scattering method (QISM) techniques [3, 4, 5] . This allows to obtain an over-determined system of equations for the OPE coefficients. We check that these systems have solutions up to N = 11 and compute all the OPE coefficients. These coefficients can now be used for any Mastubara data.
It will be very interesting to guess general formulae for the OPE coefficients from our "experimental" data. This part of the work is still under way, but we shall present here some preliminary results.
The paper is organised as follows. In Section 2 we formulate the problem of computing correlation functions on a cylinder (Matsubara environment). In Section 3 the fermionic basis and its restriction to our problem are explained. In Section 4 we present an efficient computation procedure for small Matsubara chains. In Section 5 we further restrict the fermionic basis. The results of computations and formulae for some elements of OPE are given in Section 6.
Formulation of the problem
Consider the following square lattice wrapped onto a cylinder R × S . Figure 1 .
the four fixed:
We denote the partition function defined by the picture of 
where Z is the usual partition function (without insertions). A similar formula based on the partition function with four operator insertions (at the sites 1, 2, N − 1, N) is easy to write for the expectation value G hh (N) of h 1,2 h N −1,N (correlation function of densities of the Hamiltonian). The Matsubara direction has finite size n while the horizontal (space) direction is infinite. The latter infinity may cause trouble, so we regularise the horizontal space by assuming it has finite length equal to 2L and imposing periodic boundary conditions (this amounts to putting our lattice on a torus), and then by finally sending L → ∞.
Let us be more formal. Consider the representation of Yangian π S which is the tensor product of 2L representations π 1 0 . Consider in addition the representation π M which is the tensor product of the n representations π
with R being the universal R-matrix. Then for any O acting on a small (compared to L) number of tensor components of the representation space of π S define
.
This is the more general definition of the functional Z which was introduced earlier in a particular case.
To the left and to the right of the insertion (see Fig.1 ) we have products of Matsubara transfer-matrices
, where the trace is taken with respect to the first tensor component. Generically the transfer-matrix T M has a single eigenvector |max corresponding to an eigenvalue T of maximal absolute value. Suppose the operator O is localised on the interval [1, N] (like on Fig.1) . Clearly, because of the limit L → ∞
This quantity was actually computed using the fermionic basis in [6] . The computation is purely algebraic and uses only the fact that |max is an eigenvector. For that reason the computation extends to more general quantities of the form
with an arbitrary eigenstate |Ψ with eigenvalue T of the transfer-matrix T M .
Fermionic basis
The fermionic basis is defined in [7] for the anisotropic XXZ model with the anisotropy parameter ∆ = 1 2 (q + q −1 ). Taking the limit q → 1 is not a difficult problem. More importantly, Ref. [7] deals with the quasi-local operators of the form q
Taking the limit α → 0 in this expression is non trivial, and requires some explanation.
In the XXZ case the basic algebraic tool is the quantum affine algebra U q ( sl 2 ) which replaces the Yangian used for the XXX case. The main result of [7] is the existence of creation operators t *
j these operators create a basis in the space of quasi-local operators for which the expectation values of the type considered in the previous section are easily computed. It should be noticed that contrary to the fermions the operators t * j are of rather simple origin, however they make computations much more involved.
In the limit α → 0 the operators b * j , c * j acting on Φ α develop simple poles in α. As a consequence, computing expectation values involves using L'Hospital's rules. This is doable, but leads eventually to the doubling of fermions: one has to consider for every fermion its regular part and residue at α = 0. However, there is a notable exception of this general picture. The algebra U q ( sl 2 ) contains two finite-dimensional subalgebras isomorphic to U q (sl 2 ). Consider the operators O commuting with the action of one of them. In a weak sense (when inserted in expectation values) it can be shown that in the limit α → 0 these operators are created by the action of regular parts of fermions only. This is a great simplification. Another nice point is that the operators t * do not contribute for α = 0.
Passing to the XXX case with α = 0 we assert that the local operators are created by b * j , c * j . We use the multi-index notations:
We denote by #(I) = n the cardinality of I, and by |I| = I standing for the unit operator. The operator (3.1) is supported on an interval of length at most |I| + |J|.
It is important to identify among these the operators which are localised on an interval of length N. The following first two conditions follow for instance from [8] :
Moreover, we consider C-invariant operators (invariant under σ a j → −σ a j ). For them it can be shown that the following additional condition can be imposed: More sophisticated conditions result from the homogeneous limit of the results of [9] . Consider the annihilation operators b j , c j canonically conjugated to b * j , c * j , and annihilating the vacuum. Introduce the operators
We state that the operators localised on [1, N] are linear combinations of (3.1) satisfying
Due to the second condition in (3.2) for given N we can restrict the values of m in the above to m ≤ 2N + 1.
The main theorem of [6] states that for #(I) = #(J)
where ω i,j is an infinite matrix depending on
The exact definition of ω i,j will be given in the next section.
In our case (α = 0) the matrix ω i,j is symmetric. Since we decided to work in a weak sense, this imposes additional restrictions. The first of them is obvious: we can consider the space H 0 /ι, with ι being the anti-homomorphism b * j ↔ c * j . For example, we can require that I ≤ J in lexicographical order. Another consequence is less trivial. The following simple example explains that there are linear relations between minors of any given symmetric matrix:
This identity implies that working in a weak sense we can factor out the null-vector where Ω = i,j ω i,j b i c j and the left vacuum I * is annihilated by the right action of creation operators. The fact that N consists of null-vectors follows from the commutation of C with Ω. We do not have a formal proof that belonging to N is necessary for a vector to be a null-vector, but since the computer does not contradict this, we shall assume it is true.
Let us summarise what we have for the moment. In the weak sense for any local operator O acting on N sites we have
where v α is a basis of the space
the dimension of this space is much smaller than the dimension of H (N ) 0 /ι. We shall see that it is possible to reduce the space further, but with V (N ) we can already start working.
Explicit computations for small Matsubara chain
The main goal of this section is to show how to produce a large number of Matsubara data, and subsequently compute the matrix (ω i,j ) and expectation values using them.
Suppose we are given some Matsubara parameters τ 1 , s 1 , · · · τ n , s n . The eigenvectors |Ψ are parametrised by Bethe roots β 1 , · · · , β m . They satisfy the Bethe equations which are conveniently written in terms of the Baxter function
where
Recall s m are given integers, however the subsequent formulae are all analytical in s m , hence we may consider them as arbitrary complex parameters. Then a(λ), d(λ) will be considered as arbitrary monic polynomials of degree n:
The usual problem of the theory of quantum integrable models is to find solutions to Bethe equations for the input data
Now solving the Bethe equations we would obtain an equivalent set of parameters to the previously introduced The main problem here is that the Bethe equations constitute a complicated system of algebraic equations for β 1 , · · · β m . But we have to realise that our goal is different from the usual one. We do not need to find the spectrum for a given chain. Rather we need a stock of solutions of the Bethe equations in order to obtain equations for the OPE coefficients. That is why we make the following new choice of input data
The number of continuous parameters is the same, but the unknowns are now a 1 , · · · , a m . Note that for them the Bethe equations are linear. Solving them is easy, and we obtain as a result some Matsubara data (4.4).
Given some Matsubara data, we need first of all to construct the infinite matrix ω i,j . The latter is conveniently coded by the generating function
Let us define the latter in the spirit of [10] . Introduce the kernel and "half-kernel" functions:
and the measure
We need an auxiliary function defined by the integral equation
where the contour Γ goes around the Bethe roots β 1 , · · · , β m and the point σ = µ. For a finite Matsubara chain we have a finite number of Bethe roots for which the equation above reduces to a linear system for G(β j , µ). The function ω(λ, µ) is given by
with Γ ′ containing one more point: η = λ . It is easy to see that this function is symmetric. Finally, extracting the coefficients of ω(λ, µ) from (4.6) allows to compute the right hand side of
where Md stands for Mastubara data and {v α } is the reduced fermion basis (3.6).
The left hand side of (4.7) is computed by QISM techniques. Let us begin by introducing the main character of QISM, the monodromy matrix. We use the block decomposition with respect to the first tensor component
with A(λ), B(λ), C(λ), D(λ) acting in the Matsubara space. We shall denote A = A(0), etc. We want to compute
for O located on sites [1, N] . For given Matsubara data we write
The normalisation is provided by the Gaudin formula below. Obviously, for given O the expression Tr 
where the matrix N has entries
The left hand side of (4.8) is by definition a symmetric polynomial of µ 1 , · · · , µ m , hence the singularities in the right hand side cancel. We shall return to this point later.
The normalisation of the Bethe vectors is given by the Gaudin formula, expressible via L'Hospital rules from (4.8). Explicitly, we have
where the matrix G has entries
We want to compute
where X j is one of A, B, C, D. We proceed as follows. Start with the Slavnov formula. Use the following formulae which are easily obtained by methods of QISM. Consider any Bethe covector Φ|. Introduce the notations
is known for arbitrary µ 1 , · · · , µ m we have
Notice that in the last two formulae the number of arguments changes. Using these formulae we compute inductively
and then set µ j = β j , j = 1, · · · , m.
Our goal is to implement the formulae above on a computer. To proceed fast we have to avoid symbolic computations as much as possible. The input data are chosen numerically as a set of random integers from 1 to 10. Still in the procedure described above we cannot immediately exclude the symbolic variables µ j . It has been said that β 1 , · · · β m |µ 1 , · · · , µ m is a symmetric polynomial in µ 1 , · · · , µ m . So are the expressions (4.10), (4.13), (4.12), (4.11). However, to arrive at the polynomial form we have to cancel some singularities by factorizing the expressions in the right hand side. Factorisation is a time consuming operation, it should be ultimately avoided. Actually, looking at the Slavnov formula one realises that it can be easily rewritten as a sum of Schur polynomials. Then with some effort one rewrites the right hand sides of (4.10), (4.13), (4.12), (4.11) as operators acting in the basis of Schur polynomials (indexed by Young diagrams). In this way we completely eliminate time-consuming symbolic computations. In fact acting in the space of Young diagrams can be made very fast.
Final restriction of the number of variables
Now for any given input data we construct the full Matsubara data which allow to compute, as explained in the previous section, the quantities O Md and v α Md in the main formula (4.7).
We start with O = σ a 1 σ a N . It is interesting that in order to fix C α up to N = 4 we do not need to resort to non-trivial excited states Ψ in the Matsubara data to fix the coefficients. Thus for N = 4, absolutely trivial computations give results allowing access to the correlation functions in any environment. For N = 5 we need one one-particle state Ψ. Starting from N = 8 a few two-particle states are needed. We always take more Matsubara data than the number of unknowns, so that the systems of equations to solve for C α are overdetermined. The compatibility of all these equations is an important check of the validity of our procedure.
We computed up to N = 9, and going further was very hard. However, analysing the results we made the following important observation. Decompose the operators v α in the fermionic basis to rewrite
A priori I, J are only lexicographically ordered, but we observe that the coefficients D I,J vanish unless i p ≤ j p , p = 1, · · · , #(I) . We shall write I J.
We want to reduce the number of unknowns using this observation. The naïve idea consists in repeating the procedure of Section 3 starting with the subspace H (N ) 0 spanned by b * I c * J · I satisfying (3.3), (3.2) and I J. However, the resulting space (3.7) would be too small, there would be no solutions to the equations for C α . More careful consideration and further experiments show that the correct choice is the subspace
This results in a drastic reduction of the dimension of the space. The dimensions up to N = 12 are given in the table below. With the OPE coefficients at hand we can compute the correlation functions for any Matsubara data, as well as the corresponding matrix ω i,j or equivalently the function ω(λ, µ). In particular, for the anti-ferromagnet at zero temperature and zero magnetic field we have
Let us present the numerical values for G σσ . Up to N = 8 they are known from [11] , so, we use the normalisation of this paper The last two values are already in a good agreement with the asymptotic formula of [12] .
We can proceed with computations for finite temperature and other Matsubara environments, however, the most interesting applications of our "experimental" data consists in trying to guess general structure of the OPE coefficients. We have some incomplete results in this direction which we expose now.
Consider the decompositions
A first question which we would like to address is the behaviour of the coefficients as functions of N. The experimental data show that they are polynomial in N of degrees
Moreover, in these polynomials not all the coefficients are independent, we find that they are of the form There are some additional simple reason for the coefficients to vanish which will be clear from examples below. In certain cases we were even able to make general conjectures for the coefficients. Let us present them.
We begin with the simple case of X σσ s,I,J (coefficients in (6.3)) for the two-fermion case with I = {k − p} and J = {k + p}. In that case we have 3 − p ≤ 3 terms in our formula. Since the space N is empty for the zero fermion case we have for any s In particular, for s = k − 2 there is only one term in this sum. Hence X σσ k−2,{k},{k} = 0, this is the above mentioned additional reason for coefficients to vanish. For nontrivial coefficients it is easy to guess from our data that Both coefficients vanish for p > 2 in agreement with the previous explanation. It so happens that all the two fermions contribution to G hh (N) vanish. The next simplest case is that of four fermions contribution. For that case we use for the sets I = {k − p, i}, J = {k + p, j} for i + j even and I = {k − p, i}, J = {k + p + 1, j} for i + j odd. For fixed i, j we shall vary k and p within the obvious limits. Non-vanishing coefficients X hh for some (k, p) correspond to boxes in a triangular array (see Tab. 1 for i = 1, j = 1). The vertical and horizontal sizes of the array are equal to S = i+j 2 + 3. Counting the rows by p = 0, · · · , S − 1, and the columns by r = 0, · · · , S − 1, then let s = r + k − 4 for i + j even and s = k + r − 3 for i + j odd. For given i, j we shall simplify notations: define X r,p (k) := X hh s,{k−p,1},{k+p,1} with r and s related as explained. Sums over columns equal zero for the same reason as explained above, so, we do not write down X r,r (k). Notice, in particular, that X 0,0 (k) = 0.
We start from the simplest case i = j = 1. Non-vanishing coefficients correspond to boxes in the table
we were unable to find a conjecture for general i, j. Probably, an independent look is needed?
